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Abstract 

Let A be a ring and R be a polynomial or a power series ring over A. 
When A has dimension zero, we show that the Bass numbers and the 
associated primes of the local cohomology modules over R are finite. 
Moreover, if A has dimension one and 7r is an nonzero divisor, then 
the same properties hold for prime ideals that contain tt. These results 
do not require that A contains a field. As a consequence, we give a 
different proof for the finiteness properties of local cohomology over 
unramificd regular local rings. In addition, we extend previous results 
on the injective dimension of local cohomology modules over certain 
regular rings of mixed characteristic. 

1 Introduction 

Throughout this manuscript A, and R denote commutative Noetherian 
rings with unity such that R is cither a polynomial ring, . . . , x n ], 

or a power series ring, A[[xi, . . . , x n ]]. If M is an i?-module and I C R 
is an ideal, we denote the i-th local cohomology of M with support in 
/ by Hj(M). If / is generated by the elements /i, . . . , fa G R, these 
cohomology groups can be computed using the Cech complex, 

->• M -> ®jM fj M h ... h -> 0. 

The structure of these modules has been widely studied by several 
authors. Among the results obtained, one encounters the following 
finiteness properties for certain regular rings 

(1) The set of associated primes of H\(R) is finite, 

(2) The Bass numbers of Hj(R) are finite, and 

(3) inj.dimff}(iJ) < dimSuppff}(i?). 
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Hunckc and Sharp showed those properties for regular local rings of 
characteristic p > [4]. Lyubcznik proved these finitcness properties 
for regular local rings of equal characteristic zero and finitely generated 
regular algebras over a held of characteristic zero [5]. 

Properties (1), (2) and (3) have been proved for a larger family of 
functors introduced by Lyubeznik [5]. If Z C Spec(i?) is a closed subset 
and M is an R- module, we denote by H Z (M) the i-th local cohomology 
module of M with support in Z. We note that H Z (R) = Hj (R) , 
where Z = V(I) = {P G Spcc(i?) : I C P}. For two closed subsets of 
Spec(i?), Z\ <Z Z 2l there is a long exact sequence of functors 

H hi -> H z 2 -> H z 1 /z 2 ~* ■•■ (!) 

A Lyubeznik functor, T, is any functor of the form 7 = Ti o ■ • • o7t, 
where every functor 7j is either Hz 1 , H z ^ z ^ or the kernel, image or 
cokcrnel of some arrow in the previous long exact sequence for closed 
subsets Z\, Zi of Spcc(i?) such that Z2 C Z\. 

The aim of this manuscript is to extend Properties (1) and (2) for 
certain rings that are not necessarily regular or that do not necessarily 
contain a field. Namely, 

Theorem 1.1. Let A be a zero dimensional commutative Noetherian 
ring. Let R be either A[x\, . . . , x n ] or A[[xi, . . . , x n \\. Then, 

• Ass^T(_R) is finite for every functor 7 , and 

• the Bass numbers of 7(R) are finite. 

In particular, these properties hold for H\{R) for every ideal I C R 
and every integer i S N. 

Theorem 1.2. Let A be a one-dimensioal ring, and let R be either 
A[xi, . . . , x n ] or A[[x\, . . . , x n }]. Let ir G A denote an element such 
that dim(A/7rA) — 0. Then, the set of associated primes over R of 
7(R) that contain ir is finite for every functor 7. Moreover, if A is 
Cohen- Macaulay and 7r is a nonzero divisor, then the Bass numbers of 
7(R), with respect to a prime ideal P that contains ir, are finite. In 
particular, these properties hold for Hj (R) for every ideal I C R and 
every integer i G N. 

We also extend Property (3) to regular rings that do not necessarily 
contain a field. Namely: 

Theorem 1.3. Let (A,m,K) be a regular local Noetherian ring and 
let R be either A[x±, . . . , x n ] or A[[x\, . . . , x n ]] . Let M be a D(R, A)- 
module supported only at mR. Then, 

inj.dim(M) < dim(A) + dim(SuppM). 

In particular, 

inj.dim(^(7(S'))) < dim(A), 
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where r\ = (m,x\, . . . ,x n )S and 7 is a Lyubeznik functor. Moreover, 
if R= A[xi, . . . , x n ], then 

inj.dim(-M) < dim(A) + dim(SuppM). 

for every D{R 1 A)-module, M. 

The manuscript is organized as follows. In section 2, we give an 
overview of Z?-modulcs. Later, in section 3, we study the associated 
primes of D(R, A)-modules in the subcategory C(R,A), introduced 
by Lyubeznik in [6]. In section 4, we deal with the Bass numbers of 
D(R, A)-modulcs in C(R,A), and we prove Theorem 1.1 and Theo- 
rem 1.2. In section 5, we give a new proof for finiteness properties 
of local cohomology modules over a regular local ring of unramificd 
mixed characteristic (cf. Theorem 1 in [!)]). Finally, in section 6, we 
study the inject ive dimension of D(R, A)-modules over a polynomial 
or a power series ring with coefficients over any regular ring, and we 
prove Theorem 1.3, which generalizes Theorem 5.1(a) in [13]. 



2 D-modules 

Given two rings, A and R such that A C R, we denote by D(R,A) 
the ring of A-linear differential operators of R. This is the subring of 
Hom^i?, R) defined inductively as follows. The differential operators 
of order zero are the morphisms induced by multiplying by elements in 
R. An element 6 G Hom^i?, R) is a differential operator of order less 
than or equal to fc + 1 if # • r — r ■ 8 is a differential operator of order 
less than or equal to k for every r £ R= Homn(R, R). 

We recall that if M is a D(R, ^4)-module, then Mf has the structure 
of a D(R, A)-module such that, for every / G R, the natural morphism 
M — > Mf is a morphism of D(R, A)-modules. As a result of this, since 
R is a D(R, A)-module, 7(R) is also a D(R, A)-module (cf. Examples 
2.1 in [5]). 

By Theorem 16.12.1 in [2], if R = A[[x u . . .,x n ]], then 



D(R,A) = R 



^|t€N,l<i<n 



C Rom A (R, R). 



For every ideal I C A, there is a natural surjection p : D(R, A) —> 
D(R/IR,A/IA). Moreover, if M is a D(R, A)-module, then IM is a 
D(R, A)-submodule and the structure of M/IM as a D(R, A)-module 
is given by p, i.e. 6 ■ v = p(5) ■ v for all 5 G D(R, A) and v G M/IM . 

As in Lyubeznik [6], we denote by C(R, A) the smallest subcategory 
of D(R, A)-modules that contains Rf for all / G R and that is closed 
under subobjects, extensions and quotients. In particular, the kernel, 
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image and cokernel of a morphism of D(R, A)-modules that belongs 
to C(R,A) are also objects in C(R,A). We remark that if M is an 
object in C(R, A), then 7(M) is also an object in this subcategory; in 
particular, 7(R) belongs to C(R,A) (cf. Lemma 5 in [6]). 

We note that if Rf has finite length in the category of D(R,A)- 
modules for every / £ R and M is an object of C(R,A), then M 
has finite length as a D(R, A)-module. As a consequence, 7(R) would 
also have finite length. We recall that, if A = K is a field and R is 
either K[xi, ■ ■ . , x n ] or . . . , x n ]], then Rf has finite length in the 

category of D(R, i^)-modules for every f € R [5, 6]. 



3 Associated primes of local cohomology 

Lemma 3.1. Let A and R be Noetherian rings such that A C R. Let 
M be a D(R, A) -module of finite length. Then, Assail/ is finite. 

Proof. Suppose M/0. Let Mi = M and Pi be a maximal element 
in the set of the associated primes of Mi. Then, Ni = Hp (Mi) is 
a nonzero D(R, A)-submodule of Mi, and it has only one associated 
prime. Given Nj and Mj, set M j+ i = Mj/Nj. If M j+1 ^ 0, let P j+ i 
be a maximal element in the set of the associated primes of Mj+i. 
Then Nj+i = H P .(Mj+i) has only one associated prime. If Mj+i = 0, 
set Nj+i = and Pj+i = 0. Since Mi = M has finite length as a 
D(R, A)-module, there exist I G N such that Mj = for j > £ and 
then Ass(M) C {Fi,...,P f }. □ 

Lemma 3.2. Le£ A be a zero -dimensional Noetherian ring. Let R be 
either A[xi, ... ,x n ] or A[[xi, . . . , x n ]\- Then, Rf has finite length as a 
D(R, A)-module for every f G R. 

Proof. Since A has finite length as a A-module, there is a finite filtra- 
tion of ideals = N C Ni C . . . C N e — A such that N j+ i/Nj is 
isomorphic to a field. Then, we have an induced filtration of D(R, A)- 
modules, = N Rf C NiRf C . . . C NpRf = Rf. It suffices to prove 
that Nj+iRf /NjRf has finite length for j = 1,...,£. We note that 
Nj+iRf /NjRf is zero or isomorphic to (R/m) / for some maximal ideal 
m C A. Since Nj+iRf /NjRf has finite length as a D(R/mR, A/mA)- 
module, it has finite length as a D(R, A)-module, which concludes the 
proof. □ 

Proposition 3.3. Let A be a zero- dimensional commutative Noethe- 
rian ring. Let R be either A[xi, . . . ,x n ) or A[[xi, . . . ,x n ]]. Then, 
AssrM is finite for every object in M G C(R,A); in particular, this 
holds for T(R) for every functor T. 
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Proof. By Lemma 3.2, Rf has finite length in the category of D(R, A)- 
modules for every / G R. If M is an object of C(R, A), then M has 
finite length as a D(R, A)-module, because length is additive. □ 

Lemma 3.4. Let A be a one- dimensional ring, ir G A be an ele- 
ment such that dun^A/nA) = 0, and R be either A[x\, . . . ,x n ] or 
A[[xi, . . . , x n ]] . Then, Rf/irRf has finite length as a D{R, A)-module 
for every f G R. 

Proof. We have that, the length of Rf/irRf as a D(R, A)-modu\e or 
as a D(R/irR, A/irA)-mod\ilc is the same. Since A/irA has dimension 
zero and R/ttR is either (A/ttA)[xi, . . . , x n ] or (A/irA)[[x 1 , . . . ,x n ]}, 
the result follows from Lemma 3.1 and Lemma 3.2. □ 

Lemma 3.5. Let A be a one- dimensional ring, ir G A be an ele- 
ment such that dim(A/irA) = 0, and R be either A[x\, . . . ,x n ] or 
A[[x\, . . . ,x n ]]. Let A and R denote A/irA and R/irA respectively. 
Let M be a D(R, A)-module, such that Annjv/(7r) and M R are ob- 
jects in C(R,A). Then, Arm<j(M \ (ir) and 7(M) ®r R are objects in 
C(R, A) for every functor 7. 

Proof. We recall that 7 has the form T = Ti o • • • o T t , where every 
functor 7j is either H Zi , H Z \ Z2 , or the kernel, image or cokernel of 
some arrow in the long exact sequence 

. . . 3 H Zi (M) 4 W Z2 (M) 4 H Zi/Z2 (M) -»• . . . (2) 

for closed subsets Z\, Z 2 of Spec(i?) such that Z 2 <Z Z\. 

It suffices to prove the claim for t = 1 by an inductive argument. 
Suppose that T = Hz{—) where Z = Z\\Z 2 for closed subsets Z\,Z 2 C 
Spec(i?) such that Z 2 C Z x . We note that H z (-) = H Zi (-), if we 
choose Z2 = 0. The exact sequences 

Ann M (7r) -)• M 4 irM 0, 

and 

->• 7rM M -» M ® fl R -)• 0, 
induce two long exact sequences, 

. . . -> ^(Ann M (7r)) H H Z (M) 4 H z (irM) -> . . . 

and 

. . . -4 H l z (irM) 4 ff|(M) ^ ®a 5) . 

Since the composition of 4>'i 1S the multiplication by ir on H Z (M), 
we obtain the exact sequences 

-> Ker(^) -> Ann^ (M) (7r) ^ Ker(#), 
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and 

Cokcr(^) 4 H l z {M) ® R R^ Cokcr(^) -> 0. 

Then, Ann H i (it) and Hz(ttM)<8)rR are objects in C(.R, A), because 
Ker(<^j), Ker(<^), Coker(^) and Coker(^) belong to C(R,A) and this 
category is closed under sub-objects, extensions and quotients. 

If T is a kernel, image or cokernel of a morphism in the long ex- 
act sequence (2), there exists an injection, 7(M) — > H l z (M), and a 

surjection H z . (M) — s> 7(M) for some > and ii,j2 G {1,2}. 
Then, 

-> Ann T(M) (7r) -> Ann ffll (m) (tt) 

and 

flj (M) ®ij -> T(M) i? — > 

are exact. Therefore, Ann T ( M )(7r) and T(M) <3rR belong to C(R, A). 

□ 

Proposition 3.6. Let A be a one- dimensional ring, tt ^ A be an 
element such that dim(A/7rA) = ; and R be either A[xi, . . . ,x n ] or 
A[[xi, . . . , x n ]}. Then, the set of associated primes over R ofT(R) that 
contain n is finite for every functor T. 

Proof. The set of associated primes of 7(R) that contain it is equal to 
AsSflAnno-(fl)(7r). Since Ann.j(7r) is a D(R, A)-modu\e of finite length 
by Lemma 3.5, Ass^ Aim^^ (it) is finite by Lemma 3.1. □ 

Corollary 3.7. Let A be a one- dimensional local ring, and let R be 
A[x\ , . . . , x n ] . Then, Assr7(R) is finite. 

Proof. Let 7r be a parameter for A. Then, the set of associated primes 
over R of 7(R) that contain ir is finite by Corollary 3.6. Since R^ = 
A n [xi, . . . , x n ] and dim(A 7r ) = 0, the set of associated primes over 
R of 7(R) that does not contain n, which is in correspondence with 
Assr % 7(R^), is finite by Corollary 3.3. □ 

Corollary 3.8. Let (A,m,K) be a one- dimensional local domain, and 
let R be A[[x±, . . . , x n ]\. Then, AssrT(R) is finite. 

Proof. Let 7r be a parameter for A. Then, the set of associated primes 
over R of 7(R) that contain 7r is finite by Corollary 3.6. It remains to 
show that the set of the associated primes not containing tt is finite. 

We will proceed by cases. If A is a ring of characteristic p > 0. We 
have that R^ is a regular ring by Theorem 5.1.2 in [1] because R^ is 
the fiber at the zero prime ideal of A. Then, Ass^T(i? 7r ) is finite by 
Corollary 2.14 in [7]. 
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If A is not a ring of characteristic p > 0. We have again that R„ 
is a regular ring by Theorem 5.1.2 in [1]. Let F = A„ be the fraction 
field of A and S = F (Eu R = . Then, F is a field of characteristic 
and S is an F-algebra. We claim that S and F satisfy the properties: 

(i) S is cquidimcnsional of dimension n; 

(ii) every residual field with respect to a maximal ideal is an algebraic 
extension of F; 

(iii) there exist F- linear derivations di,...,d n G Dcr f(S) and ele- 
ments z\ . . . , z n G R such that 9jOj = 1 if % = j and otherwise. 

We will proceed following the ideas of Lyubcznik in [9]. Let rj C 
S be a maximal ideal and let Q = r/ n R. Then Q is a prime ideal 
of R not containing / and it is maximal among the ideals of R not 
containing ir. By induction on n, it suffices to show that if P is a 
nonzero prime ideal of R not containing n, then there exist elements 
Du-'-iVn G R such that R = . . . , y n \] and R/P is a finitely 

generated P„_i/P H P„_i-module, where R n -\ = A[[yi, . , . , y n -i]]- 
Then, the finiteness implies that P n R n -i — htP — 1, the prime 
ideal P is maximal among all ideals of R not containing n if and only 
if P n R n is maximal among all ideals of R n not containing n. In 
addition, S/PS = (R/P) ®a F is an algebraic extension of F if and 
only if F ®a Rn-i/P H P n -i is an algebraic extension of F. 

Let P be the image of P in P = R/mR = k[[xi, . . . ,x n }]- There 
exist new variables yi, . . . , y n such that R/P is finite over R n -\/P n 
P„_i, where P„_i = . . ._y n -i]}- Let n, . . . ,r s £ R/P be a set 

of generators over i?„_i/P n R n -i- Lifting these variables to R, we 
get that R = A[[yi, . . . , y n ]}. For every / 6 P/P there exist a finite 
number of elements gi t i, . . . ,gi >s , fij G P It -i and /ii.j G m with 

/ = ffi.in. + ■ • ■ + gi, a sr a + 2J hx t jVx t j. 

3 

We can apply the same idea to 1;,^ inductively to obtain a finite number 
of elements gt^i, ■ ■ ■ ,gt.s, Vt,j G R n -i and h t .j G m* such that 

\fe=l t / \fc=l i / j 

Since R/P is m-adically separated and complete, we can take 

oo 

Gi = Y2 hk-i,i9k,e- 

k=l i 

Then / = G\T\ + . . . G s r s . This proves that ri, . . . , r s is a finite system 
of generators of R/P as an Pn-i/PPn-i-modulc and concludes the 
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proof of the claim that R <S)a F and F satisfy properties (i) and (ii). 
In addition, we have that Zi = x% and di = satisfies (iii). Then, 
we have that ks& R J7{R^) is finite by using the results of D- modules 
in [10] as it was done in [5]. It is proven explicitly in Theorem 4.4 in 
[12]. □ 



4 Bass numbers 

4.1 Facts about Bass numbers 

Lemma 4.1. Let (R,m,K) be a local ring and M be an R-module. 
Then, the following are equivalent: 

a) dimx Ext^(-ftT, M) is finite for all j > 0, 

b) length (Ext^ , (N, M)) is finite for every finite length module N and 
for all j > 0, and 

c) length(Exfr^(7V, M)) is finite for one module finite length N and 
for all j > . 

Proof. This Lemma 3.1 in [12]. 

□ 

Lemma 4.2. Let (R,m,K) be a Noetherian Cohen- Macaulay ring 
and 77 (z R be a nonzero divisor. Let M be an R-module annihilated 
by 7T. Then, dim^Ext^if , M) is finite for all j £ N if and only if 
diniKExt^/^if , M) is finite for all £ e N. 

Proof. Let 6 R, such that n, g\, . . . , g n form a system of parameters. 
Let J denote (ir,gi, ■ ■ ■ ,g n )R. Using the Koszul complex to compute 
the free resolution of R/J as an i?-module and as an R/ttR- module, 
we obtain that 



length(Ext^ (i?/J, A/)) = lcngth(Ext^, / - 7ri? (i?/J, M)) 
+ lcngth(Ext^(i?/J,Af)). 

The result follows from Lemma 4.1, because R/J has finite length. □ 

Lemma 4.3. Let R be a Cohen- Macaulay local ring, M be an R- 
module and it G R be a nonzero divisor. Let R denote R/ttR. Suppose 
that dim^ Ext-^(X, Annjvf(7r)) and dimxExt^(A', M <8>_r R) are finite 
for all j G N. Then, dinift-Extj^A, M) is finite for all j € R. 
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Proof. We have, by Lemma 4.2, that both dim#- Ext 3 R (K , AnnM(7r)) 
and dim jfExt^ (if, M ®r R) are finite for all j <G N. From the short 
exact sequences 

-» Ann M (7r) M A ttM -> 

and 

-)■ ttM M ->■ M ® fl i? ->■ 0, 
we get two long exact sequences induced by Ext: 

. . . -> Ex4(A, Ann M (7r)) % Ext £ R (K, M) % Ext^(A, ttM) 
and 

. . . -> Ext^ (A, ttM) 4 Ext^(AT, M) % Ext^ (A, M ® R R) -> . . . . 

Since Im(^) injects into Ext^.(AT, M /J), we have that dim^ lm(9() 
is finite. Likewise, dim^- Coker(/3£) is finite, because it injects into 
Ext^ +1 (A, Ann A/ (7r)). We note that 

Ext^(A,7rAf) = Ker(/3 £ ) © Coker(^). 

Since 

-ye o j3 t = Ext^(A, M) 4 Ext^(A, M) 

is the zero morphism for I G N, we have that Im(7£) = 7^ (Coker(^)). 
Therefore, 7(Coker(/^)) -)■ Ext^(A, M) ->■ Im(^) ^ is exact, and 
then dimx(Ext^(A, M)) is finite. □ 

4.2 Finiteness properties of Bass numbers of local 
cohomology modules 

Definition 4.4. Let A be a zero dimensional Nocthcrian ring. Let 
R be either . . . , x n ] or . . . , x n ]]. Let M be an D(R, A)- 

module. We say that M is C-filtered if there exists a filtration = 
M C Mi C ... C Me = M of D(R, A)-modulcs, such that M l+1 /Mi 
is either zero or 

(1) M i+ i/Mi is annihilated by a maximal ideal C -R, 

(2) Mi + i/Mi is an object in C(R/rriiR, A/rrii), and 

(3) M i+ i/Mi is a simple £>(i?, /l)-modulc. 

Lemma 4.5. Le£ A be a zero dimensional Noetherian ring. Let R be 
either A[xi, ... ,x n ] or A[[xi, x n ]\. Let M be an object in C(R, A). 
Then, M is C-filtered. 
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Proof. We first prove the claim for Rf for every / G R. Since A has 
finite length as an ^4-module, there is a finite filtration of ideals, = 
Nq C Ni C ... C Me = A, such that M i+ i/Mi is isomorphic to a 
field, Ki = A/rrii, where m, is a maximal ideal of A. Then, we have 
an induced filtration of D(R, A)-modules, = N Rf C N\Rj C . . . C 
N(Rf = Thus, Ni+iRf /NiRf = Rf/miRf, which is an object in 
C(R/m.iR, A/rrii). Then, there exist a filtration, Ni = M» i C ... C 
Mjj-j = iVi+i, of objects in C(R/m,iR, A/mi), such that M^t+i/Af,,* 
is a simple D(R/miR, j4/m,)-module. Therefore, 

= M ,i C . . . C A/ 0Jl C Mi,i C . . . C il/f Jf = i?y 

is a filtration that makes Rf a C-filtered module. By the definition of 

C{R, A), it suffices to show that if — > M' 4 A/ 4- M" -> is a short 
exact sequence of objects in C(R,A), then M is C-filtcrcd if and only 
if M' and M" arc C-filtcrcd. If M is C-filtered with a filtration M<, 
we define a filtration M,' in M' by M[ = a -1 (Mi). Similarly, wc define 
a filtration M" in M" by M" = /3(Af;). Then, we have a short exact 
sequence of short exact sequences: 





o^m>^mi +1 Am> +1 /m>^o 
4^ 4^ 4* 

-> Mj 4 M i+ i 4 Mi+i/Mj 

4" 4' 4* 

4 M{ 4 -> M^/Mf 
4^ 4^ 4* 





Since Mj+i/Afj is either zero or a simple -D(-R, A)-module, M' i+1 /M[ 
is either M i+ \/Mi or zero. Likewise, M" +1 /M" is either M l+ i/M t or 
zero. Thus, M? and Aff satisfy parts (1), (2) and (3) in Definition 4.4. 

On the other hand, if M' and M" are C-filtered modules with 
nitrations M^ c ... C M' t and Mq C ... C M^„, respectively. We 
define a filtration on M by M, = a(Al-) for i = 0, . . and M, = 
/3 _1 (M 8 -_^) for t = + 1, . . . ,i' + f . Since M i+1 /Mi = M[ +1 /M[ for 
i = 0, . . .£' and M i+1 /M, = M^^/M^, for i = £' + 1, . . . t'+£", M t 
satisfies parts (1), (2) and (3) in Definition 4.4. Hence, every object in 
C(R, A) is a C-filtered module. □ 
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Proposition 4.6. Let A be a zero-dimensional Noetherian ring. Let 
R be either A[x±, . . . , x n ] or A[[x\, . . . , x n ]]. Let M be an object in 
C(R,A). Then, all the Bass numbers of M are finite. In particular, 
this holds for 7(R) for every functor T. 

Proof. We fix a prime ideal P C R and denote Rp/PRp by Kp. Since 
M is a C-filtered module by Lemma 4.5, we have a filtration = M C 
. . . C Me = M such that Mj+i/Mj is annulled by a maximal ideal m< C 
R, is an object in C(R/m,iR,A/mi), and is a simple D(R, v4)-module. 
From the short exact sequences — >• Mj — >• Mj+\ — > Mj+i/Mj —> 0, 
we get long exact sequences 

. . . -> Exti p (A>, (Mi) P ) -> Ext J Rp (K P , (M i+1 ) P ) 

-> Ext^ p (X P , (M i+ i/Mi) P ) -)• Extj+^Jfp, (MOp) 

Then, it suffices to show the claim for Mj+i/Mj for i = 0, . . . We 
fix an % and denote M i+1 /Mj by TV. Let to C A be the maximal ideal 
such that mN = 0. If mR <f. P, then N ® i?p = 0. We may assume 
that mi? C P. Let = R/mR. We note that is a regular ring 
containing A/m, a field. Let ... ,5^ be a system of parameters for 
Rp and let /1, . . . , fd be the class of g±, . . . ,ga in Rp. Since A is a zero 
dimensional ring, we have that /1, .. . ,fd is a system of parameters for 
Rp. Let I = (gi, . . . ,gd)Rp. Using the Koszul complex 3C, we obtain 
that, 

Ex4 p (J?p/7,iVp) = ir(Homp p (I%),7Vp)) 

= H l (Homp p (3C(/),iVp)) = Ext^ p (R P /IR P ,N P ), 

because Rp and Rp arc Cohcn-Macaulay rings of the same dimension. 
Using Lemma 4.1 several times, we obtain that 

lengthy Ex%, (K P ,N P ) < 00 ^ length Rp E^ Rp (Rp/IR P ,N P ) < 00 

^lcngth^ p i/ J Homp p (aC(/),iVp) < 00 

lcngth Rp H l Rom Rp (X(g), N P ) < 00 
& length Rp Ex4 p (R P /I, N P ) < 00 

length^Ext^p (K P ,N P ) < 00 



Since lengthy Ext^ p (Kp, Np) < 00 by Corollary 8 in [6], we have 
that lengthy Ext p p (Kp, Np) < 00. Hence, all the Bass numbers of 
M are finite. □ 

Proof of Theorem 1.1. This is a consequence of Proposition 3.3 and 
Proposition 4.6. □ 
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Proposition 4.7. Let A be a Noetherian Cohen- Macaulay ring such 
that dim(A) = 1, and let tt G A be a nonzero divisor. Let R be either 
A[xi,...,x n ] or A[[x±, . . . , x n ]]. Then, all the Bass numbers of 7(R), 
as an R-module, with respect to a prime ideal P containing tt, are 
finite. 

Proof. Let R and A denote R/ttR and A/ttA, respectively. We have 
that Anno-(/j)(7r) and 7(R) <8> R are objects in C(R, A) by Lemma 3.5. 
Then, their Bass numbers, as ^-modules, with respect to P are finite 
by Proposition 4.6. Since Rp and Rp are Cohen-Macaulay rings, we 
have that the Bass numbers of 7(R) with respect to P are finite by 
Lemma 4.2 for every functor 7. □ 

We claim that we cannot generalize Proposition 4.7 for Cohen- 
Macaulay rings of dimension higher than 3. Let A = K[[s, t, u, w]]/ (us+ 
vt), where K is field. This is the ring given by Hartshorne's example 
[3]. Let / = (s,t)A. Hartshorne showed that dim^ Hom^(X, Hj(A)) 
is not finite. 

Let R be either ^4[xi, . . . ,x n ] or . . . , x n }]. Let P = mR be 

the prime ideal generated by m. Then, 

Ext° R (R/P,H](R)) = Uom R {R/P,Hj(R)) 
= Uom A (K, Hj{A)) ® A R = ®R/mR, 
where the direct sum in the last equality is infinite. Therefore, 

dim flp/mHp Ext Rp (Rp/PR P ,Hl(R P )) 

is not finite. 

Corollary 4.8. Let A be a one- dimensional local Cohen-Macaulay 
ring, and let R be A[x±, . . . ,x n ]. Then, all the Bass numbers ofT(R), 
as an R-module are finite. 

Proof. Let tt be a parameter for A. Then, the Bass numbers of 7(R) 
with respect to a prime ideal containing tt, are finite by Proposition 
4.7. Since R^ = A v \x\, . . . , x n ] and dim(^4 7r ) = 0, the Bass numbers of 
7(R) with respect to a prime ideal that does not contain tt, are finite 
by Proposition 4.6. □ 

Corollary 4.9. Let A be a one- dimensional local domain, and let R be 
A[[x±, . . . ,x n ]]. Then, all the Bass numbers of7(R), as an R-module 
are finite. 

Proof. Let tt be a parameter for A. Then, the Bass numbers of 7(R) 
with respect to a prime ideal P containing tt, are finite by Proposition 
4.7. 



12 



On the other hand, the Bass numbers of 7(R) with respect to prime 
ideals not containing ir, are in correspondence with the Bass numbers 
of R v . We have that is a regular ring that contains a field, A v , by 
Theorem 5.1.2 in [1] because R n is the fiber at the zero prime ideal of 
A. Then the result follows from Theorem 2.1 in [4] and Theorem 3.4 
in [5]. □ 

Proof of Theorem 1.2. This is a consequence of Proposition 3.6 and 
Proposition 4.7. □ 



5 Local cohomology of unramified regular 
rings 

As consequence of the results in Section 3 and 4, we are able to give a 
different proof for some parts of Theorem 1 in [9] . 

Theorem 5.1. Let (R,m,K) be an unramified regular local ring and 
p = Char(K). Then: 

(i) the Bass numbers of T(R) are finite, and 

(ii) the set of associated primes of 7(R) that contain p is finite 
for every Lyubeznik functor T. 

Proof. The finiteness of associated primes of 7{R) that contain p is 
not affected by completion with respect to the maximal ideal. Since 
completion of R respect to to is a power series ring over a complete 
DVR of mixed characteristic, the result follows from Proposition 3.6. 

In order to prove the finiteness of the Bass numbers, We need 
to show that dim Rp / PRp Ext Rp (Rp/ PRp, 7(Rp)) is finite for every 
prime ideal P C R. There are two cases: p G P or not. If p P 
then Rp has equal characteristic and the result follows from Theo- 
rem 3.4 in [5]. If p G P, Rp is an unramified regular local ring and its 
completion of Rp respect to the maximal ideal is a power series ring 
over a complete DVR of mixed characteristic. Since the dimension of 
¥jy± l Rp {Rp / PRp 1 T{Rp)) as Rp/ PRp-vector space is not affected by 
completion, the result follows from Corollary 4.7. □ 



6 Injective Dimension 

In this section, we recover and generalize some results of Zhou about 
injective dimension [13]. 
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Lemma 6.1. Let (A,m,K) be a regular local ring and let R denote 
either A]\x\ , . . . , x n ]] or A[xi , ... , x n ] . Let P C R be a prime ideal con- 
taining mR and let Kp denote the field Rp/ PRp. Let M be a D(R, A)- 
module. Then, Ext R (K P ,M P ) = for £ > dim(,4) + dim(Suppp(Af)). 

Proof. The proof will be by induction on the d = dim(A). If d = 0, 
then A = K is a field and the proof follows from the first Theorem 
in [8]. We assume that the claim is true for d — 1. Let 
denote a minimal set of generator for m. Let A = A/ yd A, R = 
R/ydR = -<4[[^i, . . . , x n ]] and P = PR. Let j/i, . . . , ya-i be the class 
of j/i, ... , j/d_i in P. We note that P C P is a prime ideal and it con- 
tains mP. Let /i, . . . f s 6 P be such that j/i, . . . , j/d-i, /i, . . . f s form a 
minimal set of generator for the maximal ideal PRp . From the Koszul 
complex associated to j/i, . . . , yd-i, fi, ■ ■ ■ fs m Rp? we have that for 
every Pp-module, N, 

dimxpExt^, (K P , N) = dim Kp Ext Rp (K P , N)+dim Kp Ext e Rp 1 (K P , N). 

In this case, we have that Ann a/ (j/^) and M/y d M are P(P, A))-modules. 
By the induction hypothesis, 

Ext^ p (Xp,Ann Mp (y d )) - and Ext Rp (K,M P /y d M P ) = 

for £ > d + dim(Supp R (M)) - 1 = dim(A) + dim(Supp fl (M)). Then, 
Ext Rp (K P ,knn Mp (y d )) = and Ext e Rp (K, M P /y d M P ) = for £ > 
d + dim(Suppp(Af)). 

From the short exact sequences 

-> Ann Mp (yd) -> M F ^ y d A/ P -> 

and 

-)■ 2y d A/p -> M P ->■ M P (giflP ->• 0, 
we get two long exact sequences induced by Ext: 

. . . -> Ebrtjjp (#>> Ann^ ( w )) -> Ext^ p (iT P , M P ) 
4Ext flp (A P ,2/ d A/p)^... 

and 

...->- Ext £ Hp (K P , j/ d Mp) ^ Ext Rp (Kp,M P ) 
^Ext Rp (K P ,M P ® R R)->... 

In this case, pi is an isomorphism and Qi is surjective for £ > d + 
dim(Supp H (M)). Then, 9(op is surjective for £ > e?+dim(Supp fl (M)). 
Since 

e t op t = Ext Rp (K P , Mp) y A ExX Rp (K P , M P ) 

is the zero morphism, Ext^ (Kp, Kp) = for I > d + dim(SuppjjM). 

□ 
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Proposition 6.2. Let A be a Noetherian ring and let R = A\x\, . . . , x n ] 
Let P C R be a prime ideal and let Kp denote the field Rp/PRp. 
Let M be a D(R, A)-module. Then, Ext e R (K P ,M P ) = for i > 
dim(A) + dim(Supp fi M). 

Proof. Let Q = PDA. Then, PRq is a prime ideal in Rq that contains 
QRq. Since, Rq = Aq[x\, . . . , x n ] and Mq is a D (Rq, ^4g)-modulc 
and [Mq)p = Mp, we have that Ext^ p (K P , M P ) = is zero for I > 
dim(A) + dim(Supp K (Mp)) by Lemma 6.1. Hence, Ext^ p (K P , M P ) = 
is zero for I > dim(A)+dim(Supp fl (M)), because dim(Supp ij .(M)) > 
dim(Supp fl (Af Q )). □ 

Proof of Theorem 1.3. This is a consequence of Proposition 6.2 and 
Proposition 6.2 □ 
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